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A B S T R A C T   

Magnetohydrodynamic equilibrium reconstructions with kinetic constraints are an essential input of many 
tokamak stability and transport analysis workflows. The reconstructions themselves also contain useful infor
mation about pressure and current density distributions within the plasma which can be used to drive other 
calculations. While standardized magnetic-only, and partially kinetic equilibrium reconstruction is widely 
available and used, reconstructions for well diagnosed machines such as DIII-D, that incorporates a large and 
heterogeneous set of internal diagnostic measurements yet robustly reaching high numerical accuracy have been 
a time intensive, manual process. The Consistent Automatic Kinetic Equilibrium reconstruction tool (CAKE) has 
been developed and implemented at DIII-D for producing low error, kinetically constrained reconstructions 
without human intervention, and to identify strategies for doing so that would be broadly applicable. The 
techniques employed to allow CAKE to handle data of limited quality and availability, as well as the full 
automation of the workflow may assist future efforts to form kinetic constraint profiles in real time plasma 
control applications.   

1. Introduction 

Magnetohydrodynamic (MHD) equilibrium reconstruction forms a 
starting point of analysis for tokamak transport analysis and stability 
studies; and provides inputs to plasma control systems for both current 
and future devices. Stability codes such as DCON [1] and ELITE [2] 
depend on reliable magnetic equilibria as inputs. Therefore accurate 
equilibrium reconstruction is highly desired. In particular the recon
struction techniques would ideally be able to robustly produce unique 
equilibria of good resolution and accurately reflect the measurements of 
available diagnostics. In practice achieving such results is challenging. 
Automatic procedures for robustly producing equilibrium re
constructions based on magnetic measurement only, as well as those 
incorporating some kinetic constraints have been available for sometime 
[15]. However challenges remain for robustly producing kinetic equi
libira that incorporates measurements of internal magnetic field (via 
motional Stark effect spectroscopy), as well as temperature and densities 

(via Thomson scattering, and charge exchange spectroscopy for 
example), while ensuring the result is calculated to a high degree of 
numerical accuracy on a large grid. Producing these well constrained 
equilibrium reconstruction often requires the intervention of specialists 
during the workflow and is typically time consuming and vulnerable to 
inconsistencies in technique and judgement. 

In contrast, the Consistent Automatic Kinetic Equilibria (CAKE) 
reconstruction workflow presented here is fully automated with no 
requirement for mid-process inspections or adjustments from the user, 
yet able to produce equilibrium reconstructions incorporating a 
comprehensive set of diagnostics with low numerical error. A universal 
set of rules and tuning constants governs every aspect of the procedure. 
Such an approach offers no opportunity for cherry-picking and no case- 
specific subjectivity in outlier identification,1 while enabling the robust 
production of low convergence error equilibria needed for stability 
calculations. The CAKE workflow is able to produce quality kinetic 
equilibria to support large scale statistical studies and plasma 
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experiments. 
CAKE has been tested with DIII-D [3,4] data, including comparison 

to carefully prepared kinetic equilibrium reconstructions using other 
procedures and shown to produce consistent and reasonable results in 
many common scenarios. The remainder of this paper is organized as 
follows: Section 2 describes the problem of kinetic equilibrium recon
struction, required diagnostic inputs, and CAKE’s role in relation to 
larger context. Section 3 describes CAKE’s method in gathering, map
ping, filtering and sanitizing needed data with a focus on robustness and 
consistency of method. Section 4 addresses the calculation and appli
cation of kinetic constraints, as well as the tuning of the EFIT [5] settings 
to achieve low numerical error results. Section 5 examines the quality 
and limitations of CAKE results, discusses generalizable techniques, and 
provides examples of applications of the work flow. Finally, summary 
and conclusion is given in Section 6. 

2. Background 

Magnetic equilibrium reconstruction has been a subject of extensive 
study [6,5,7]. Typical magnetic equilibrium reconstruction seeks a so
lution to the static Grad-Shafranov equation [8]: 

Δ∗ψ = − μ0RJϕ

Jϕ(R,ψ) = R
dp
dψ +

F
4π2μ0R

dF
dψ

(1)  

where p is the isotropic pressure and F is the paramagnetic current 
defined as F = 2πR Bϕ

μ0
. If the pressure and paramagnetic current are 

known sufficient accuracy and resolution, then solving the Grad- 
Shafranov equation would be trivial. Unfortunately, the inverse prob
lem must be solved, based on boundary magnetic measurements in 
combination with internal measurements of temperature, density, 
magnetic pitch angle and so on, variables not directly appearing in the 
standard equation. In ideal situations, it is more desirable to solve the 
full (non-static) version of the problem, and account for the non- 
isotropic pressure. There have been attempts to partially address this 
with diffusive calculations [9,10], but they have not been robustly 
applied to large databases. The work presented here similarly restricts 
itself to the static form of the GS equation above. 

Reconstructions performed with internal profile data in addition to 
edge magnetic data are referred to as kinetic equilibrium re
constructions, and these are needed to reproduce internal structures, 
both those resulting from the pedestal and boot-strap current, as well 
resulting from fast ions, transport barriers and current drive [11]. 

To be useful for MHD stability calculations, it is further desirable that 
the normalized error (GS error) in the numerical solution to the Grad- 
Shafranov equation (Eq 1) be low. Additionally, depending on the 
flexibility and resolution of the numerical parameterization used to 
perform the reconstruction, it is not always advantageous to add more 
diagnostic constraints as it may make the problem over determined, and 
make it difficult to obtain low numerical error. Though ideally the 
reconstruction would accommodate as much measurement input as 
robustly as possible. 

One approach used by code such as INDENTD and EQNOX param
eterizes the toroidal current profile purely numerically (effectively using 
peicewise-linear basis function) which then necessitates the addition of 
smoothing constraints to the cost function in addition to χ2[7]. Alter
natively, a set of basis functions can be used to parameterize Jϕ, which is 
used by codes such as EFIT [5] and CLISTE [12]. EFIT in particular 
parameterizes Jϕ using either spline or polynomial basis function for P 
and FF′ [13], and uses Picard iterations to minimize χ2 associated with a 
given set of input constraints. This parameterization trades some of the 
flexibility afforded by the purely numerical method, in exchange for a 
reduced sensitivity to the smoothing factor, and theoretically higher 
achievable resolution due to the analytical basis functions. However, the 

choice of basis function for EFIT can bias the possible solutions to the 
inversion. For example, experience on DIII-D shows that polynomial 
basis functions tends to be robust and reliable especially when sparse 
internal measurements are available, but spline basis function is typi
cally needed to reproduce sharp features such as bootstrap current, or 
steep pedestals. However, this means the choices of knot locations can 
bias the fit just sufficiently that the Picard iteration is not able to reach 
the desired high numerical accuracy. 

Automated workflows for kinetic and partial kinetic equilibrium 
reconstruction is not a new concept. EFIT can consistently and auto
matically produce equilibrium reconstructions constrained by magnetic 
probes only or by a combination of probes and Motion Stark Effect 
spectroscopy (MSE), and these reconstructions are useful for many ap
plications and for preliminary analysis [13]. The most advanced of these 
are the technique reported by Sabbagh et al. [14], which uses Thomson 
Scattering data to constrain internal pressure profile in EFIT. Such re
constructions have been featured extensively in RWM studies done on 
NSTX and KSTAR [15,16]. Using directly applied pressure constraints in 
R, Z coordinates, and polynomial basis functions, this method sidesteps 
the problems of mapping and fitting of measured profiles. However, this 
makes it difficult to incorporate multiple, differently located, 
pressure-relevant measurements such as TS and CER, or fast ion pressure 
estimates with significantly differing beam geometry. The choice of a 
polynomial basis function also makes it a challenge to fit distinct 
pedestal features commonly seen on H-mode tokamak plasmas. 

Due to these limitations, kinetic equilibira are still made ‘by hand’ at 
many devices either as the only kinetic equilibria or to supplement those 
from automatic workflows. In these manual workflows, production of 
kinetic constraints depends on trained operators to guide the analysis at 
every step by inspecting profile fits and adjusting settings in order to 
consistently produce results [17,13,18]. The user manually manages 
profile fitting of all the key physics quantities, such as: electron tem
perature Te and density ne from Thomson scattering [19,20], ion tem
perature Ti, density ni, and rotation velocity components vϕ, and vθ from 
CER [21], and sometimes radiated power Prad from bolometry [22] (Prad 
may be used for transport code runs [23] which are used to determine 
fast ion profiles). Profile analysis is used to ease the combination of 
diagnostic measurements from different locations and to calculate 
additional constraint inputs such as fast ion pressure and boot-strap 
current. Profiles of Te, ne, etc. are passed to a transport code such as 
ONETWO [24] or TRANSP [23] to calculate fast ion pressure and density 
profiles as well as current density relaxation. Managing profile analysis 
includes identification and rejection of outliers and selection of profile 
fit settings, both of which can be subjective. Differences in profile 
analysis setup between different analysts are a known source of sys
tematic variation in kinetic EFIT results [25], which can complicate 
comparisons of results from different sources. 

The CAKE automatic workflow aims to be as automatic and robust as 
the magnetic-only reconstructions or partial kinetic EFITs, but incor
porating the large selection of diagnostics that is commonly seen in 
manual workflows. It should be able to robustly produce equilibrium 
reconstructions on a large grid (129 by 129 for DIII-D, with cell sizes of 
1.33 cm by 2.5 cm, for example) to a high degree of numerical precision 
(low GS error) needed for reliable stability calculations while also being 
able to fit features of interest such as a distinct pedestal feature or hollow 
current profiles where applicable. Further, it should be able to achieve 
this over a range of typical plasmas with consistent tuning parameters 
and rules. 

CAKE does this by first automatizing both the profile analysis, 
including ELM filtering, data quality checks and outlier rejection, and 
profile realignment necessitated by differing measurement locations and 
misalignment due to 3D effects. CAKE then calculates the internal con
straints on pressure and current, their uncertainties, and finally tuns the 
numerical settings of EFIT, particularly of the basis function. CAKE is 
implemented within the OMFIT framework [26], allowing it to easily 
call upon a wide range of codes and utilities. The core of the CAKE 
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workflow is powered by the flexible equilibrium reconstruction code 
EFIT [5] which is iterated upon to reach the desired goals. To ensure a 
degree of self consistency, the CAKE workflow by default iterates upon 
itself by using the output of the previous iteration to re-map diagnostic 
measurements. 

3. Data filtering and mapping 

CAKE includes standardized profile analysis with robust fail-safes to 
ensure reliable delivery of useful constraint profiles to EFIT. There are 
consistent mathematical rules for outlier rejection and for producing 
profile fits. Additionally, the analysis uses consistent uncertainty prop
agation rules to generate profile uncertainties which are used as the 
weights for the constraints input into EFIT. All control parameters are set 
globally before the workflow begins, which is required for expansion to 
real time analysis, and prevents cherry-picking and inconsistency. These 
parameters are listed in Tables A.1, A.3 and A.4 in the appendix.2 

CAKE uses the standard, automatic, magnetics-only equilibrium 
reconstruction to perform the initial mapping of diagnostic measure
ments. From there CAKE uses its own kinetic equilibria to re-map 
measurements to flux space and perform a second pass. Iterating the 
mapping in this way is a standard method of improving kinetic equi
librium accuracy and is done because the initial equilibrium used for 
mapping does not have an accurate flux map, ψN(R, Z). Each iteration 
improves the approximation, but experience on EAST suggest that 
beyond the second iteration the effect is small [18]. A comparison be
tween iterations is shown in Fig. 6. Further, CAKE, by default, will 
realign measured profiles by DIII-D’s TS system to address issues that 
arises from 3D effects. 

3.1. ELM detection and removal 

CAKE’s first stage includes gathering and pre-processing of data, 
including the filtering for data quality and edge localized modes (ELMs). 
ELM events are a known source of noise for many diagnostics, and the 
measurements taken during an ELM are unreliable. Also, the inter-ELM 
periods are cyclic in nature, characterized by an ELM phase. In profile 
reconstruction, especially for equilibrium applications, it is desirable to 
only use data from a set range of ELM phase to reduce scatter in the data 
measured. CAKE defaults to removing data measured during the early 
ELM phase, when the plasma is rapidly recovering, as well as the ELM 
event itself. 

The ELM filter depends on detecting ELMs using an algorithm 
inspired by the real-time ELM detector used to enable detachment 
control in ELMing H-mode [27] and explained by Fig. 1. The deuterium 
Balmer alpha line Dα (656.1 nm) is measured by filterscopes [28], which 
are photodiodes behind optical band-pass filters and sampled at 20 kHz. 
Several relevant filterscope signals (selected automatically based on the 
plasma shape) are summed to increase signal-to-noise ratio of the Dα 
measurement passed to the ELM detector.3 

Then, the calculations based on the filterscope measurements are as 
follows (see Fig. 1): The total Dα measurement y is smoothed to get y′

s 
and local maximum of this signal from a short window is recorded as 
maxlocal. y

′

s is delayed in time by a short interval to get ys. The difference 
dy between maxlocal and ys is normalized to its own all-time maximum 
and compared to a threshold. This detects sudden jumps in Dα, which are 
taken to be the leading edges of ELMs. The ELM flag is held until y drops 
back to nearly its original value, or until a timer expires, marking the 
end of the ELM. 

Fig. 1. Demonstration of ELM detection. (a) The original 
signal y is smoothed (short timescale) to get y′

s maxlocal is the 
local maximum of the last few samples of y′

s. y
′

s is delayed to get 
ys. (b) The difference dy between maxlocal and ys is found. (c) dy 
is normalized and compared to a threshold to detect jumps. (d) 
The flag is held until y falls below a threshold. The threshold is 
defined as a fraction of the difference between the minimum 
and maximum y from a short window around the jump. (e) 
Final ELM detection. (f) ELM phase evolves from − 1 to 0 dur
ing ELMs and from 0 to 1 between ELMs.   

2 CAKE can automatically generate settings tables to track exact setup, such 
as the tables shown in the appendix: Tables A.1–A.4 were generated by CAKE 
while loaded with default settings. 

3 Low signal from ELMs is a concern in detached plasmas, where the Dα can 
actually decrease near the strike point during ELMs for deeply detached 
plasmas. Using several filterscopes together (not all at the strike point) com
pensates for dimming of the ELM flash near the strike point in such cases. 
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Using ELM timing data from ELM detection, the ELM filter acts to 
select a specific part of the ELM cycle. The first criterion is ELM phase, 
which is defined as − 1 at the start of an ELM, increasing to 0 at the end 
of the ELM, then increasing from 0 to 1 throughout the inter-ELM period, 
as shown in Fig. 1(f). Long ELM-free periods (such as might occur during 
ELM suppression [29]) are handled by setting a delay since the last ELM 
after which all data pass the ELM filter. A minimum end-of-ELM delay 
must also pass before any data are accepted; this rejects data between 
double peaks in Dα where ELM phase would rapidly sweep from 0 to 1. 
Thus, the ELM filter responds appropriately to mixtures of ELMing and 
non-ELMing phases and is robust to noise that might otherwise appear as 
a series of short inter-ELM periods. Typical analysis of the pedestal 
structure would set the acceptable ELM phase range to [0.80, 0.99], 
which represents the pedestal just before an ELM [25]. For more general 
stability calculations, a wider phase range are used. The default settings 
for the ELM filter are given in Table A.1. 

3.2. Data quality control and filtering 

The data quality filter identifies and rejects outliers and unphysical 
values. CAKE enforces minimum uncertainty values (both absolute and 
percentage) based on estimates of systematic uncertainty of DIII-D di
agnostics. Specific limits can be found in Table A.3. Additionally, CAKE 
filters diagnostic fitting results (for example, individual Ti measure
ments via CER) based on their reduced χ2 (for example, from the 
Gaussian fit to the spectrometer intensity measurements). These values 
reflect cases where the diagnostic fitting algorithms have failed to fit the 
detector observations, and since at DIII-D, reported diagnostic uncer
tainty is calculated by the co-variance method, high reduced χ2 would 

also indicate that the reported uncertainty is unreliable. 

3.3. Profile fitting and spatial alignment corrections 

After ELM and quality filters are applied, data are fit vs. ψN using a 
variety of fit functions. The original ψN map used for fitting is taken from 
a magnetic-only or magnetic-and-MSE-only equilibrium reconstruction 
calculated by EFIT [5]. A variety of fits have been tested in CAKE, 
including splines, polynomials, and a modified hyperbolic tangent fit 
similar to the one presented in Groebner et al. [30]. The default func
tions used to fit the various quantities are given in Appendix B. An 
example set of profile fits is shown in Fig. 2. These fits are the basis for 
computation of fast ion profiles and neoclassical calculations for current 
profiles [31,32] using various methods. 

A complication that occurs in DIII-D is misalignment of the Thomson 
profiles with the base equilibrium reconstruction and other diagnostics. 
There is two major causes. First, there are 3D error fields which are not 
accounted for in the 2D reconstruction. On DIII-D, the equilibrium re
constructions are dominated by a poloidal array of magnetic probes at a 
different toroidal angle from Thomson. When combined with the pres
ence of 3D perturbations, this makes it difficult for the axisymmetric 
reconstruction to find the correct separatrix at the Thomson location. 

This is a known issue that has been coped with at DIII-D before [33]. 
Figures in Wilcox et al. [34] show just how much 3D fields (in that case 
applied intentionally) can affect alignment of profiles relative to 2D 
equilibrium reconstructions. To compensate for potential misalignment 
between Thomson and the initial equilibrium mapping, the electron 
profiles (both Te and ne together) are shifted such that the separatrix 
location inferred from the Te profile matches the separatrix in the initial 
mapping. The location of the separatrix can be estimated from the Te 
profile by one of two methods: firstly, the lower knee of a hyperbolic 
tangent fit [30] in the pedestal tends to line up well with the apparent 
position of the separatrix, or, alternatively, the Te value at the separatrix 
can be assumed. The assumption is based on two-point-modelling of the 
scrape-off-layer which typically returns an estimate near ~80 eV at the 
separatrix in DIII-D H-mode [35]. Inaccuracy in the assumed value of Te, 

sep will not cause large error in the position adjustment as long as the Te 
gradient is large near the assumed Te,sep, which is a reasonable 
assumption in H-mode. CAKE first attempts to use the tanh lower knee 
method, but if the required correction estimated by this method is too 
large or the resulting Te at the new separatrix is too high, then the 
constant Te method is used instead. CAKE does not yet evaluate the 
two-point-model to make case-by-case estimates of Te,sep, instead using a 
constant value. An example of profile alignment analysis is shown in 
Fig. 3. Because neither of the separatrix position estimates works well in 
L-mode (although two-point-modelling could work in L-mode if it were 
evaluated for L-mode), and because L-mode profiles are less sensitive to 
the exact position of the separatrix because gradients are lower, no 
profile alignment is attempted for time-slices which are in L-mode. 

There is further the issue of CER alignment, or rather the relative 
alignment between electron and ion profiles and pedestal location. DIII- 
D’s Thomson scattering diagnostic [19] makes measurements of the 
pedestal near the top of the machine, rather than the midplane, where 
most diagnostics (including CER [21]) are located. Thus they are subject 
to different degrees of misalignment due to both toroidally and poloi
dally varying uncertainty in the 2D boundary. In cases of a well defined 
pedestal, the misalignment of electron and carbon profiles cause them to 
appear to have two distinct pedestal locations that are separated by up to 
a pedestal width. Aside from being nonphysical, this relative misalign
ment will generate challenging constraint profiles if not corrected. Since 
CAKE uses CER measurements of C6+ density (nC) and assumes 
quasi-neutrality to calculate deuterium density, relative misalignment 
causes bumps and ripples in the calculated thermal pressure near the 
pedestal, which translates to even more significant ripples in the boot
strap current constraint. In more hands-on workflows, this problem is 
overcome by hand examination and adjustment of alignment, especially 

Fig. 2. Example of profile fits to (a, b) electron temperature and density from 
Thomson scattering [19] and (c,d) Ti

Te 
and fz = nC

ne 
from CER [21] (c,d). Extra 

constraints with very low weight are added to the far scrap-off layer as a 
safeguard against bad behavior from severely under-constrained fits. They are 
outside of the plot range. 
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of CER measurements. In order to achieve a high level of robustness 
automatically, CAKE assumes that the ratios Ti

Te 
and nC

ne 
do not change 

significantly across the pedestal. This is implemented by fitting Ti
Te 

and nC
ne 

as a spline curve instead of the ion quantities directly, and removing the 
measurement points in the pedestal region from the fit. Due to potential 
alignment differences, the ratios of measurements in the pedestal region 
can be nonphysically high/low. By fitting ratios, the workflow auto
matically enforces the relative alignment of the pedestal, at a cost of 
potential structural details in the pedestal ion profiles, such as expected 
in QH mode discharges. 

3.4. Detection of H-mode for the purpose of guiding profile analysis 
choices 

To determine which time windows to treat as a H-mode pedestal, a 
inverse scale lengths ratio (ISLR) of electron pressure is considered: 

ISLR =

max

(⃒
⃒
⃒
⃒
⃒
∇pe
pe

⃒
⃒
⃒
⃒

0.75≤ψN≤1.0

⃒
⃒
⃒
⃒
⃒

)

⃒
⃒
⃒
⃒
⃒

〈

∇pe
pe

⃒
⃒
⃒
⃒

0.4≤ψN≤0.75

〉⃒
⃒
⃒
⃒
⃒

(2)  

with ISLR ≥9 identifying H-mode. The numerator of Eq. (2) is simply an 
attempt to find the peak of ∇pe/pe in the pedestal; the range 
0.75 ≤ ψN ≤ 1.0 is intended to be wide enough to capture even an un
usually wide or badly misaligned pedestal. The denominator normalizes 
the pedestal peak to help determine if the pe profile is qualitatively 
shaped like it has a strong pedestal. The average in the denominator does 
not include the region in which the peak is sought, nor does it include 
data near the magnetic axis. The neighborhood of the magnetic axis is 
excluded because ∂pe/∂ψN does not generally tend towards 0 or an 
especially meaningful value at the axis. This function operates on profile 
fits of pe. The selection of the threshold value (9) and the lower bound of 

the interior averaging region (0.4) was based on comparing L-H and H-L 
transition times between those determined by (ISLR > threshold) vs. 
transition times determined by manually checking changes in Dα, ∂〈ne〉/ 
∂t, and other quantities. This method can find L-H and H-L transition 
times with accuracy of about 30 ms and low sensitivity to exact choice of 
threshold for a wide range of DIII-D scenarios, but its real value is in 
classifying which time windows should be treated as if they had a strong 
pedestal and informing choices of profile alignment and fitting func
tions. For these applications, the time windows under consideration are 
often greater than ~30 ms, so its accuracy is adequate. 

3.5. Coping with incomplete input data sets 

There are many ways that an experiment might be missing some 
kinetic measurements that would be needed for kinetic equilibrium 
reconstruction. In particular to DIII-D experiments, sometimes the 
neutral beam sources that enable CER measurements near the magnetic 
axis are off for extended periods of time, leading to a lack of ion data in 
the core region even when edge data may be available. There are also 
times when CER measurements are entirely unavailable for certain time 
period or entire shots. Because CAKE prioritizes reliability, methods are 
provided for handling smaller gaps in avaliable datasets with some 
assumptions. 

For the former case of regionally missing or spare CER data, fits can 
be attempted with the avalible data (in the edge for example). However, 
the fit through the region with missing data can extrapolate to 
nonphysical values with nothing to anchor the fit. Thus, fits to CER data 
are given anchor points at the magnetic axis with very low fit weight 
such that they have negligible effect when data are present near the axis, 
but prevent wild extrapolation otherwise. This can be handled by 
assuming a relationship between thermal ion density and electron 
density and between thermal ion temperature and electron temperature, 
as long as Thomson measurement of electron quantities are available. 
The nominal value of the Ti/Te anchor generated from assumptions 

Fig. 3. Thomson profile alignment demonstra
tion. (a) Te vs. ψN from the nominal EFIT with 
no correction and (b) the same data after cor
recting the ψN values. On (a) and (b), vertical 
lines mark: symmetry point of the hyperbolic 
tangent fit [30] (red dashed), one half width 
inside of the symmetry point (red 
dashed-dotted), one half width outside of the 
symmetry point (blue dashed-dotted; this is the 
true LCFS indicated by the tanh method), the 
original LCFS from the nominal EFIT (black 
dashed), and the final estimate of the true LCFS 
from this analysis (black solid). (c) Position of 
the estimated true LCFS in terms of nominal ψN 
vs. time. Estimates from the tanh method are 
marked with squares, estimates from the sepa
ratrix temperature method with circles, and the 
selected best answer with black diamonds. The 
selected answer is smoothed to give the solid 
red line. The shaded regions indicate time 
ranges where data are considered when forming 
kinetic constraints. The dashed-dotted green 
vertical line with green diamonds marks the 
time-slice shown in (a,b). (For interpretation of 
the references to color in this figure legend, the 
reader is referred to the web version of this 
article.)   
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given in Table A.4. The nominal value of the nC/ne anchor is calculated 
from the nC (carbon density) measurement closest to the axis, based on 
the observation that density profiles often have very shallow slopes in 
the core. 

Cases where ion measurements are entirely missing are not handled 
automatically, avoid mixing equilibrium reconstruction made with and 
with out ion measurements. However, CAKE can at the scientist’s 
discretion, produce variants where the entire ion temperature and 
density profiles are estimated by using Ti/Te assumptions. The uncer
tainty in Te is also copied and scaled by Ti/Te, but also enhanced by an 
additional factor to denote the uncertainty in the assumption. This 
general concept has also been employed at EAST to compensate for 
incomplete coverage of Ti [18]. 

4. Robust production of kinetic equilibria 

For reliable calculation of MHD stability parameters such as δW and 
Δ′, the magnetic equilibrium used need to reach a high degree of nu
merical accuracy, more so than other uses for equilibrium re
constructions. A commonly used rule-of-thumb regarding output of the 
popular EFIT algorithm is that the GS error should reach below 10− 8. 
The strategy used by CAKE to achieve robust reconstruction of low error 
equilibria is described below. 

4.1. Forming constraint profiles 

CAKE uses 3 main sets of internal constraints: pressure, edge current, 
and MSE measurements. The core current profile in DIII-D is well con
strained by MSE measurements, and EFIT can internally process and use 
MSE data to constrain the reconstruction [36]. For the profile con
straints that are produced from CAKE’s profile analysis, experimental 
uncertainties are propagated through the calculations to form the input 
weighting. While CAKE does not attempt to calculate a high accuracy 
profile of the radial electric field Er, some estimate of Er is needed to 
adjust MSE measurements, which are sensitive to Er [37]. For this pur
pose, it is reasonable to use estimated Er calculated from Vtor × Bpol, as 
this forms the dominant component of Er outside of the pedestal, where 
MSE is most useful. Further, the best choices for edge constraints and 
basis function, discussed below, depends on if MSE constraints are 
available. Standard CAKE operation expects the availability of MSE 
measurements, but incorporates the appropriate alternative settings that 
allow processing of shots with no MSE data available, at reduced physics 
quality. 

The general equation for the total current is 
Jtot = JOhm + JBS + JNBCD + JECCD, where JOhm is the ohmically drive 
current, JBS is the boot-strap current, JNBCD is the neutral beam current 
drive, and JECCD is the electron-cyclotron current drive. For the edge 
current constraint, CAKE calculates JBS using Sauter’s formula [31,32] 
with the method for extending to multiple ion species given by Koh et al. 
[38]. Koh’s other modifications to the JBS formula are not used because 
it was shown that the modifications typically produced small changes 
and were less consistent with simulations of DIII-D and NSTX using the 
first-principles kinetic code NEO [39]. As part of the CAKE project, a 
native calculation of JBS and neoclassical conductivity σNC was imple
mented within the OMFIT [26] framework and found to be consistent 
with the implementation of the Sauter model in NEO [40]. CAKE esti
mates the inductively driven current using JOhm ∝ σNC and scales JOhm to 
produce the correct total current Ip (The neoclassical conductivity σC 
formula is taken from Sauter [31]). In other words, it is assumed that the 
loop voltage has no spatial variation and the current is fully relaxed. This 
is obviously mistaken during the rampup phase of the discharge, but 
probably is not a major source of error once the current profile has had 
time to relax. Sensitivity to the distribution of JOhm is reduced as this 
calculation is only used to produce edge current constraint. Thus, a bad 
estimate of JOhm in the core is inconsequential since it is not even passed 
to EFIT. CAKE does not yet attempt to estimate JNBCD or JECCD, but as 

long as these terms are small at the edge where CAKE places its 
constraint points, this will produce only small error (if they are large in 
the core, then MSE will measure their effects and include them in con
straints passed to EFIT). The total current constraint profile calculated 
by CAKE is shown in Fig. 4, including the points at which the curve is 
evaluated and passed to EFIT. This edge current constraint is naturally 
only applied in the edge, but the width of this edge is determined by the 
width of the pedestal. Different DIII-D operations scenarios have 
potentially very different pedestal widths. The width of the edge 
constraint applied by CAKE is wconstraint = min(2 ∗ wped, 0.3) to accom
modate this. The width is limited to maximum of 0.3 to prevent the over 
application of the edge current constraint in cases where the pedestal 
width determination fails to produce a reasonable value, which occa
sionally happens when if the pedestal is poorly defined. For L mode 
reconstructions, the edge current constraint is not as important as it does 
not have the distinct boot-strap current peak. For these cases, the width 
of the edge constraint is also set to 0.3, which approximately corre
sponds to the edge region where there is little MSE coverage on DIII-D. 

The pressure constraint is calculated as ptot = pe + pi + pZ + pfast, 
where pe, pi, and pZ are the electron, ion, and impurity thermal pressures, 
and pfast is the fast ion pressure. The thermal pressure terms determined 
by profile fits or filled in with assumptions, fast ion density and pressure 

Fig. 4. Example current constraint profile. (a) Bootstrap (red dashed), Ohmic 
(blue dashed-dotted), and total (black solid) current density. (b) Normalized 
current density for input to EFIT. R0 is the nominal major radius of the vacuum 
vessel center (1.6955 m for DIII-D), R is the major radius, I is the total current, 
and A is the cross sectional area of the LCFS. The overall constraint profile is 
only evaluated at a selected set of points. These are placed mostly at the edge 
where MSE has trouble measuring and where the amount of un-relaxed Ohmic 
current is expected to be low. The edge is also important because of an often 
substantial amount of bootstrap current which EFIT would miss without this 
constraint. (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.) 
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are calculated by running ONETWO [24] by default, but can alterna
tively be calculated via TRANSP and NUBEAM [41], or crudely esti
mated using assumptions in Table A.4. The resulting total pressure 
constraint is the black curve in Fig. 5, with uncertainty given by the 
shaded region. An example is shown in Fig. 5. 

The set of pressure constraint locations used depends on the avail
ability of MSE constraints. In cases where MSE constraint is available, 
then the pressure constraint is applied for nearly the entire extent of the 
plasma (where ψn ≥ 0.2). The constraint is not applied to the very core 
due to empirical observation that the constraint at ψn = 0 make it less 
likely for the result to reach the low GS error goal that we set. This is 
coupled with the fact that the typical fast ion pressure dominates the 
very core, where estimation methods used by CAKE (ONETWO, or 
fraction of electron pressure) are reduced models as compared to more 
reliable but slower options like NUBEAM [41]. In the cases where MSE 
constraints are missing, the pressure constraint is further peeled back so 
that the core pressure is not constrained from kinetic observations. The 
lack of MSE data results in a lack of effective core current constraints, 
which makes it difficult to apply core pressure constraints also, as the 
existence of core pressure constraints without core current constraints 
often results in nonphysical current profiles. 

4.2. Consideration for fitting basis function and knot locations 

EFIT can use two types of basis function to fit the FF′ and P′ terms in 
the Grad-Shafranov equation, polynomial or cubic tension splines [5]. In 
order to reliably fit the sharp pedestal present in many DIII-D discharges, 
CAKE uses the spline basis function. There needs to be a concentration of 
knots in the pedestal region for the same reason. The knot locations for 
the P′ basis function is chosen by the automatic knot location chooser 
available in OMFIT [26] based on the pressure constraint profile be
tween 0.7 ≤ ψn ≤ 1. For a specified number of knots, this algorithm finds 
the knot locations that would allow cubic splines to best fit the reference 
profile, in this case for the pressure constraint profile. The initial FF′ knot 
placement is made with the knowledge and expectation of the pedestal 
in mind, as the auto knot derived from the edge current profile is not 
always adequate or robust for actual equilibrium reconstruction due to 
the fact that the current profile is but one of many constraints that the FF′

function needs to fit. Instead the FF′ knots are chosen based on physics 
heuristics. Two knots are used to accommodate the bootstrap current 
constraint by locating one knot at the top of the current constraint peak, 
and one near the turning point where the bootstrap current peak ends. 
Two more knots are placed on the “shoulder” of the pedestal, defined in 

CAKE as a full pedestal width inside of the pedestal, in such a way the 
knots evenly divide the “shoulder” width. Two final knots are placed in 
the core, according to the FF’ curvature determined by the reference 
EFIT equilibria produced at DIII-D that prioritizes MSE fitting (i.e. 
EFIT02). 

Unfortunately, EFIT convergence to low GS error levels are often 
impacted by numerical limitations in addition to physics considerations. 
From experience, the precise knot location can often have a significant 
effect on the GS level reached. To address this, CAKE uses a non linear 
minimizer that makes fine adjustment to the knot locations with in a 
narrow window (Δψn = 0.02). The cost function being minimized is a 
composite of reduced χ2, the GS error, and the βp + Li criteria, defined 
by: 

C = max(χ2
r , 1) × (1 + 10log10

(
GSerror
GSgoal

)

) × (1

+ 400

⎛

⎜
⎝
(βp +

li
2)CAKE − (βp +

li
2)EFIT01

(βp +
li
2)EFIT01

⎞

⎟
⎠ (3)  

where GS goal is set to 10− 8 by default. The GS error term is scaled by 10 
to encourage progress towards the goal. The βp + Li requirement is from 
observations that this value can be very reliably calculated from external 
measurements [8] and if CAKE’s output result in a deviation from that of 
existing equilibrium reconstructions (in this case the EFIT01 equilibrium 
standard at DIII-D) it would indicate catastrophic failure on CAKE’s part. 
As such this term is weighted heavily. All contributing terms are limited 
to a minimum value of 1 so that the minimizer does not reward them 
beyond their goal. 

4.3. Further GS error improvements 

The EFIT code provides a mode of operating, called equilibrium 
mode, where the equilibrium can be resolved with fixed boundary. 
These solutions are made by resolving the Grad-Shafranov equation in ψ 
coordinates based on the direct solution. The process is often found to 
improve the numerical accuracy of the result and CAKE has incorporated 

Fig. 6. CAKE final iteration (blue) vs. mapping iteration (green) and magnetics 
only equilibrium (dotted). Results from mapping iteration is used to remap the 
diagnostic measurements for the final result. The different between the itera
tions is small compared to the improvement over the magnetics only recon
struction. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.) 

Fig. 5. Example of the total pressure constraint profile (solid black line) with a 
breakdown of the individual components. Total pressure from the thermal 
particle and fast ion populations are shown with solid magenta and cyan lines. 
Electron pressure is shown with a dashed blue line, thermal main ion (deute
rium) pressure by a dashed-dotted green line, and thermal impurity ion pres
sure by a dotted red line. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.) 
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Fig. 10. DCON calculation of δW using CAKE results as inputs. The red shaded 
times represent the observations of major instabilities (likely RWMs). δW values 
made using the reference kinetic equilibria (see Fig. 8), as well as those from 
automatic, magnetic only equilibria, are plotted in comparison. CAKE results 
are found to replicate the trend obtained by the reference decreasing as the 
plasma recovers from the previous instability driven relaxation. The missing 
points from the magnetics-only EFIT results indicates poor convergence for one 
of the times. (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.) 

Fig. 8. Sample kinetic EFIT results for DIII-D#156793. The shot was part of 
reversed q profile experiment which are especially challenging. The kinetic 
EFIT produced by CAKE is shown in solid. The reference kinetic EFIT plotted in 
green dashed line is one of series hand made kinetic equilibria that was used in 
stability analysis. Fig. 10 presents a comparison between calculations using this 
series of equilibria and CAKE equilibria. The red dotted profiles are from a 
manual reconstruction with emphasis on the pedestal shape. This also illus
trates the inconsistencies that some times arise in difficult to fit scenarios due to 
choices in parameters, which CAKE aims to alleviate. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 7. Sample kinetic EFIT result for DIII-D#174082. The reference kinetic 
EFIT is a high quality kinetic EFIT made using T. Osborne’s procedures [25]. 

Fig. 9. CAKE quality assessment. Each blue dot represent the output from a 
time slice plotted according to the GS error and magnetic χ2. The green crosses 
represent the result of the mapping iteration, which have reduced requirements 
on GS error. The data presented represents 55 time slices that have MSE data 
from a cross section of 9 different shots representing a range of H mode oper
ation on DIII-D. >80% of time slices here achieved the GS error goal with good 
χ2. If MSE constraints are relaxed, >95% of time slices reach the GS goal. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.) 
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this as an additional strategy to reach the GS error goal. Additionally, 
EFIT provides for a back-averaging parameter that controls the degree 
that the solution at each numerical step is averaged with the previous, in 
order to avoid EFIT’s numerical solver getting stuck in a numerical loop. 
In particular difficult cases, CAKE will further adjust this back-averaging 
parameter in order to further improve the results. These two methods 

used to improve the numerical accuracy of the result does not visibly 
change the output profile to a discernible extent. However, these tech
niques, especially in combination with the nonlinear optimization of 
knot locations mentioned above, typically cause CAKE run time to in
crease by a factor of 10–15. Hence, an option is provided to skip such 
optimization in cases where high numerical quality is not needed. 

5. Results and discussion 

CAKE reliably produces reasonable kinetic equilibrium re
constructions, as demonstrated in Fig. 8 and in 7 . The figure shows that 
CAKE has reproduced structure in the pedestal which is commonly 
missed by magnetics-only and magnetics +MSE reconstructions. Com
parison of constraint profiles and outputs between CAKE and other 
workflows shows that CAKE produces reasonable estimates in most 
cases. Compared to similar reconstructions performed manually, CAKE’s 
main advantage is the ability to process large numbers of cases auto
matically while applying exactly the same rigorously defined treatment. 
This level of consistency cannot be produced when a user’s intuition is 
relied upon to complete the analysis. 

To improve profile fitting and constraint calculations, CAKE iterates 
its equilibria process by using the equilibrium from the previous itera
tion to remap the diagnostic to ψn coordinates. In theory, additional 
iterations of this remapping process will progressively improve the 
equilibria by improving the fit and mapping of data. But recent expe
rience on EAST indicates that 2 iterations is sufficient [18], and this is 
implemented in CAKE as default. Since only the last iteration produces 
the final equilibria to be used for further analysis, the GS error re
quirements for the earlier (mapping) iterations can be relaxed for speed. 
For a comparison of the profiles from the iteration process see Fig. 6. 

CAKE can reach GS error goal for most of the timeslices produced, 
allowing CAKE equilibria to be used for MHD stability calculations. 
About 80% of time slices produced with MSE constraints reaches the 
goal GS error of 1 × 10− 8 (see Fig. 9), while if MSE constraints are 
ignored, 95% will reach the goal. Comparatively speaking, the appli
cation of MSE constraints reduces the rate, likely due to the increased 
fitting criteria, but their inclusion is important for knowledge of internal 
current profiles. Fortunately, as shown below in Fig. 10, CAKE results 
produces predominantly good MHD calculations at the quality level 
achieved. Without MSE data available, CAKE will tend to produce 
relatively peaked current profiles that may not reflect reality. However, 
expansion of the edge current constraint to include additional current 
drive mechanism would improve CAKE’s performance in this respect in 
the future. 

5.1. Applications of CAKE 

One of the primary goals of CAKE is to produce kinetic equilibria that 
can be used for MHD stability calculations. This is demonstrated by 
running the DCON code on the outputs produced [1]. In particular, 
CAKE was used to produce kinetic equilibria for every 10 ms, and the 
result is used to calculate the time-varying ideal MHD stability param
eter δW with DCON. The result is compared to that calculated with 
reference kinetic EFITs in Fig. 10 and found to correspond well. This 
process involved minimal intervention, taking advantage of the OMFIT 
framework [26] and its GPEC module. It succesfully replicates the re
sults from manually made equilibria showing the drop in stability prior 
to the minor disruption, making it a promising tool for database studies 
or to guide real-time implementations. 

The CAKE workflow performs automatic profile analysis as part to 
support constraint calculations (see Fig. 2). However, this also means 
CAKE produces plasma profiles of Te, Ti, ne, ni, and Vtor mapped to the 
equilibrium produced. These can be used for further analysis. Initial 
tests have been conducted on automatic workflows that links CAKE as 
presented here to analysis codes including TRANSP [23] and UEDGE 
[42], though the OMFIT [26] interface. Efforts are also ongoing to 

Table A.1 
Input filtering settings for CAKE.  

Setting Default value Description 

ELM processing 
ELM detection 
Fsmo butter_smooth Smoothing function 
τ1 0.50 ms Timescale for mild smooth 
Fτ2 5.00 Factor for determining heavy smooth (Fτ2 = τ2/ 

τ1) 
Fτd1 0.00 Factor for determining mild smooth for 

derivative from τ1 

Fτd2 4.00 Factor for determining heavy smooth for 
derivative from τ1 

DSlim 0.05 Threshold on difference of smooths normalized 
to max. 

DD+
lim  0.14 Threshold on difference of smooth derivs. when 

DD > 0 
DD−

lim  0.14 Threshold on difference of smooth derivs. when 
DD < 0 

fDD,lim 1.00 Multiplier for DD±
lim when DS < 0  

b 7.00 samples Averaging neighborhood width for debouncing  

ELM filtering 
ϕELM,min 0.50 Minimum ELM phase 
ϕELM,max 1.00 Maximum ELM phase 
tELM,accept 25.00 ms Delay after ELM ends before accepting data 

regardless of ϕ 
tELM,reject 0.10 ms Period after ELM ends when data are rejected 

regardless of ϕ  

Initial data sanitization 
Thomson scattering 
χ2

red,max  8.00 Max. acceptable reduced χ2 

(σTe/Te)max  0.50 Max. acceptable fractional uncertainty in Te 

(σTe/Te)cold,max  0.95 Max. acceptable fractional uncertainty in Te at 
low Te 

Te,cold 50.00 eV Threshold for using cold limit on σTe/Te 

(σne/ne)max  0.50 Max. acceptable fractional uncertainty in ne  

CER 
(σTi/Ti)max  0.11 Max. acceptable fractional uncertainty in Ti 

(σnC/nC)max  0.25 Max. acceptable fractional uncertainty in nC  

Table A.2 
Default fitting parameters for CAKE.  

Setting Default value Description 

Profile fitting 
Fitting functions 
FTe lmfit_tanh_then_mod Function to use for fitting Te 

Fne lmfit_asym_tanh_then_mod Function to use for fitting ne 

FTi basic_monte_carlo_spline Function to use for fitting Ti 

Ffz basic_monte_carlo_spline Function to use for fitting fz  

Sanitization of uncertainties in fit inputs 
σmin,Te, 

fit 

1.00 eV Min. uncertainty for input when fitting Te 

σmin,ne, 

fit 

1E+18 m− 3 Min. uncertainty for input when fitting ne 

σmin,fz,fit 0.03 Min. uncertainty for input when fitting fz  

Miscellaneous profile fitting settings 
Sne 1E-19 Scaling factor for ne measurements before 

fitting 
Sother 1.00 Scaling factor for other measurements  
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expand profile analysis abilities through the use of OMFITprofiles [17], 
as well as applying the results to pedestal stability analysis via ELITE [2, 
43]. Future work is aimed bring these capabilities together into an 
automatic plasma analysis suite. 

The prime candidate for CAKE-based kinetic reconstructions for 
stability analysis are those with MSE data available, due to the impor
tance of core current and q profile to the proper calculation of MHD 
stability. However, above mentioned contingencies for cases where MSE 
is unavailable are made for the purpose of a robust fall back that is still 
able to resolve the edge and pedestal well. In the case where MSE 
measurements are missing, the equilibira produced focuses on the 
reconstruction of the pedestal region, and the core pressure and toroidal 
current profiles are peaked and otherwise featureless. This could be 
sufficient for certain edge focused diagnostic mapping or analysis, but in 
general MSE data are recommended for high quality outputs. It is 
assumed that experimentalists who are interested in good core re
constructions will design the experiment around the availability of MSE 
measurements. However, for planned database analysis and the estab
lishment of a consistent reference point, two standard equilibrium sets 
are being run for the current experimental campaign at DIII-D, those 
with and without MSE constraint applied. 

The automation work done for CAKE also provides guidance for on- 
going efforts to produce real time kinetic equilibrium. Ongoing effort to 
apply these strategies to real time equilibrium reconstruction will pro
vide inputs to the STRIDE [44,45] code that performs real-time MHD 
stability calculations. For example, recent work has used machine 
learning strategies for physics facilitated tearing prediction [46] aimed 
at control purposes, and CAKE is well suited to for generating the needed 
database of kinetic equilibria for such machine learning efforts. 

6. Conclusion 

The Consistent Automatic Kinetic Equilibria (CAKE) workflow pro
duces useful reconstructions of DIII-D [4,3] plasma pressure and current 
distributions without assuming any input or guidance from the user 
other than shot numbers and timing requests. It is able to robustly 
produce kinetic equilibria constrained by TS, CER, and MSE measure
ments as well as boot-strap current and fast ion calculations, and do so to 
a high numerical accuracy. Automatic profile analysis typically pro
duces reasonable pressure and current constraints with default settings, 
supporting the goal of consistent treatment while also making the code 
easier and faster to use. The primary uses of these results are envisioned 
as being (1) input to statistical analysis of many plasma shots and 
timeslices, (2) proof of concept of a fully automated procedure that 
could be applied to real time and used in a plasma control system with a 
view toward disruption avoidance, (3) convenient access to kinetic 
equilibrium reconstructions for analyses that are not sensitive to the 
errors or uncertainties introduced by assumptions used to make CAKE 
reliable, for machine learning training sets for example, and (4) first 
iteration input to a manual kinetic reconstruction workflow. CAKE re
sults are compared against DIII-D reconstructions produced by various 
manual workflows and found to be mostly consistent. Further, good 
ideal MHD stability calculations were demonstrated. CAKE will be 
upgraded to further improve the handling of sparse data, the generation 
of fast ion profiles for constraint calculations. 
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Table A.3 
Default tuning for CAKE.  

Setting Default value Description 

Constraint setup 
Pressure constraint 
σmin,pe,frac 0.02 Min. fractional uncertainty in pe term in constraint 
σmin,pe 100.00 Pa Min. absolute uncertainty in pe term in constraint 
npc 80 Number of p constraint points 
〈ψpc,MSE〉 0.80 Average ψN position of p constraint 
ψpc,min,MSE 0.20 ψN position of innermost p constraint 
ψpc,max.MSE 1.00 ψN position of outermost p constraint 
npc 50 Number of p constraint points, no MSE 
〈ψpc〉 0.83 Average ψN position of p constraint points, no MSE 
ψpc,min 0.50 ψN position of innermost p constraint, no MSE 
ψpc,max 1.00 ψN position of outermost p constraint, no MSE  

Current constraint 
cj,const 2 Ratio of edge J constraint width to wped  

wj,max  0.3 Maximum allowed edge current constraint width  

Miscellaneous constraint settings 
σOT,frac 0.20 Fractional error, fast ion results from ONETWO  

GS error minimization settings 
GSgoal,i 0.00 GS error goal, initial iteration 
GSgoal,f 1E− 08 GS error goal, final iteration 
Δψknot

n  0.04 Allowed window for knot optimization 

nmaxtrials 40.00 Maximum number of knot optimization iterations  

Table A.4 
Assumptions setup for CAKE.  

Setting Default value Description 

Assumptions for filling in incomplete datasets 
Assumptions for estimating thermal ions 
Ti/Te 1.5 Ratio of ion to electron temperature 
ne,C/ne 0.2 Fraction of electron density due to carbon 
Cσ,ion 4.0 Uncert. multiplier for est. therm. ions 
Cedge,pi  1.5 Multiplier for pi at edge 
ψN,edge,pi  

0.93 Definition of “edge” for Cedge,pi   

Assumptions for estimating fast ions 
Tfast 75.0 keV Fast ion temperature 
σTfast  6.0 keV Uncertainty in fast ion temperature 
pfast/pe 0.3 Fast ion pressure as fraction of pe 

σpfast /pe  0.3 Fast ion pressure uncert. as fraction of pe 

Cfast,NBI 0.1 pfast enhancement factor for NBI  
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Appendix A. Tuning of settings in CAKE 

Proper functioning of the CAKE module requires several settings to be tuned well. The user is not expected to do this as the default settings and logic 
should provide reasonable performance for all cases. The ability to adjust settings is provided for developers to optimize the initial default tuning and 
test potential improvements later. These settings include thresholds for outlier rejection, factors for increasing uncertainty when missing data have 
been replaced with estimates, and the number of knots in the EFIT stream functions (p′ and FF′). Key tuning settings are listed in Tables A.1–A.4. In 
order to allow easier inspection of CAKE setup and to ensure that the documented settings stay up to date, these tables of settings and assumptions are 
generated by the CAKE module as LaTeX files from internal setting variables. 

Appendix B. Profile fit functions for CAKE 

CAKE uses several fits based on the LMFIT package in Python as well as wrappers around spline fits from SciPy. For the SciPy splines, error analysis 
accomplished via Monte Carlo trials. For the LMFIT-based fits, functions are defined in CAKE for use in minimization. For the key functions, partial 

derivatives are computed analytically and used to find uncertainty in the fit according to Σf = J→ Σ
↔ x

J→
T
, where J→ is the Jacobian and Σ

↔ x 

is the 
covariance matrix returned by LMFIT. CAKE also has the ability to calculate partial derivatives numerically and these are used for checking analytic 
partial derivatives and for testing new functions which do not have analytic partial derivatives available yet. 

B.1 Modified hyperbolic tangent fit 

The modified tanh fit model used in CAKE (given by Eq. (B.1)) is based on the MTANH function defined by Groebner et al. [30], but is recast in 
terms of pedestal height h and SOL offset f and it allows for higher order polynomial pi terms in the modification. 

y = f +
h − f

2

[
(

1 − tanh
(x − s

w

))
+
∑

i
piZi

]

(B.1)  

where 

Z =
ze− z

ez + e− z, z =
x − s

w
(B.2)  

and s and w are the tanh symmetry point and half-width respectively. 
As an alternative to the polynomial modification in the core, the edge (ψN > 0.8) can be fit to a tanh (pi = 0) and the residual then fit with a spline. 

Error analysis for the spline fit is done by Monte Carlo trials. These fit methods are designated within CAKE as lmfit_mtanh2 with the polynomial 
modification and lmfit_tanh_then_mod with the spline to the residual. 

B.2 Asymmetric tanh fit 

The asymmetric tanh fit is implemented to handle cases where the upper knee of the pedestal is sharper than the lower knee of the pedestal, as in 
shot 158,103 at 2300 ms (see figure). The model is given by Eq. (B.3): 

y =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

w2

w1 + w2

(

1 −
w1

w2
tanh(

x − s
w1

)

)(

h − f ) + f x ≤ s

w2

w1 + w2

(

1 − tanh(
x − s
w2

)

)(

h − f ) + f x > s
(B.3)  

where x is the independent variable (normally ψN in this application), h is the pedestal top value or pedestal height, f is the offset or SOL value, s is the 
symmetry point of both tanh functions as well as the changeover point, and w1 and w2 are the half-widths of the two tanh functions. The function is 
continuous in its value and first derivative at the changeover point s and the fit parameters p and f retain the same physical meaning as in other tanh fits 
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such as defined by Groebner et al. [30]. The total width w1 + w2 should have the same meaning as the total width (2w) in standard tanh fits. The 
symmetry point may have a different interpretation in this function. 

This function can be modified to include a polynomial in the core by adding in ym from Eq. (B.4), but because the amplitude of the inner tanh term 
now depends on width, the function becomes significantly nonlinear in the fit parameters and linear error propagation fails when the modification is 
added.4 Therefore, this fit is used on only the edge region (ψN > 0.8) and the residual of the fit function evaluated over the entire profile is then fit with 
a cubic spline. Uncertainty in the spline fit to the residual is determined by the Monte Carlo method. The final result is the sum of the asymmetric tanh 
and the spline. 

ym = (h − f )
∑

i
piZi 

Z =
z1e− z1

ez1 + e− z1 

z1 =
x − s
w1  

Z becomes small at x > s, so this modification is only significant in the core. 
Defining y1 and y2 as the top and bottom cases of Eq. (B.3), zi = (x − s)/wi, Ti = tanh(zi) and S2

i = sech(zi)
2, the partial derivatives of y1 and y2 are: 

∂y1

∂h
=

w2

w1 + w2

(

1 −
w1

w2
T1

)

∂y1

∂s
= (h − f )

S2
1

w1 + w2 

∂y1

∂w1
= (h − f )

(
z1S2

1 − T1

w1 + w2
+

w1T1 − w2

(w1 + w2)
2

)

∂y1

∂w2
= (h − f )

(

1 −
w2 − w1T1

w1 + w2

)
1

w1 + w2 

∂y1

∂f
= 1 −

∂y1

∂h  

∂y2

∂h
=

w2

w1 + w2
(1 − T2)

∂y2

∂s
= (h − f )

S2
2

w1 + w2 

∂y2

∂w1
= (h − f )

− w2

(w1 + w2)
2 (1 − T2)

∂y2

∂w2
= (h − f )

((

1 − T2)
w1

w1 + w2
+ z2S2

2

)
1

w1 + w2 

∂y2

∂f
= 1 −

∂y2

∂h 

The partial derivatives of the modification ym are simply added to ∂y if the modification is used: 

∂ym

∂h
=
∑

i
piZi 

∂ym

∂s
= − (h − f )

1
w1

(
dZ
dz1

)
∑

i
ipiZi− 1 

∂ym

∂w1
= − (h − f )

x − s
w2

1

(
dZ
dz1

)
∑

i
ipiZi− 1 

∂ym

∂w2
= 0 

∂ym

∂f
= −

∑

i
piZi 

∂ym

∂pi
= (h − f )Zi  

dZ
dz1

= Z
(

1
z1
− 1 − T1

)

(B.23) 

This fit method is designated as lmfit_asym_tanh_then_mod within CAKE. 

4 The nonlinearity of the modified fit model can be confirmed by comparing analytic vs. numerical calculations of the partial derivatives of the model vs. fit 
parameters: without the modification, numerical and analytic results agree very well. With the modification, ∂y/∂w2 no longer matches when dx in the numerical 
derivative is set by uncertainty in the fit parameter. Shrinking dx improves the agreement of numerical vs. analytic partial derivatives somewhat, but the result of 
linear error propagation is still unreasonable. Including higher order polynomial terms in the modification worsens the situation. Note that difficulty in calculating 
numerical partial derivatives is a symptom of nonlinearity, but not a cause of trouble with error propagation because analytic partial derivatives are used. 
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B.3 Splines 

CAKE’s default spline method uses UnivariateSpline in SciPy with Monte-Carlo error analysis and is internally labeled as 
basic_monte_carlo_spline. 

B.4 Polynomial fit 

For basic test purposes, a polynomial fit function is provided. The model is 

y =
∑

i
pixi (B.24)  

The polynomial is set to 5th order by default and the method is designated as lmfit_poly within CAKE. It is not the default fit for any parameter, but is 
provided for developers to use in testing. 

Appendix C. Supplementary data 

Supplementary data associated with this article can be found, in the online version, at https://doi.org/10.1016/j.fusengdes.2020.112163. 
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